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An important advantage of guided waves is their ability to
propagate large distances and yield more information about
flaws than bulk waves. Unfortunately, the multi-modal,
dispersive nature of guided waves makes them difficult to
use for locating flaws. In this work, we present a method
and experimental data for removing the deleterious effects
of multi-mode dispersion allowing for source localization
at frequencies comparable to those of bulk waves. Time
domain signals are obtained using a novel 64-element
phased array and processed to extract wave number and
frequency spectra. By an application of Auld’s electro-
mechanical reciprocity relation, mode contributions are
extracted approximately using a variational method. Once
mode contributions have been obtained, the dispersion for
each mode is removed via back-propagation techniques.
Excepting the presence of a small artifact at high frequency-
thicknesses, experimental data successfully demonstrates
the robustness and viability of this approach to guided wave
source location.
Keywords: guided wave, phased array, dispersion compen-
sation
Nomenclature
ω Radial frequency (rad/sec)
kn Wave number for propagating mode n (rad/m)
ki Wave number for received mode i (rad/m)
u2 Normal particle displacement on plate
τ Applied normal traction on plate surface from array
transducer
1 Introduction
Relative to bulk waves, guided waves are able to prop-
agate great distances with little attenuation, and their multi-
modal nature gives them great potential for defect character-
ization [1]. Despite these advantages, the multi-modal dis-
persive characteristics of guided waves make interpretation
of guided wave measurements difficult. At any frequency,
there exist at least two modes propagating independently ac-
cording to unique, frequency dependent phase velocities. At
the receiver, this gives the appearance of multiple overlap-
ping time signals making it difficult to determine the loca-
tion, size or number of flaws. In recent decades, multiple
methods have been developed to solve these issues.
Within the context of non-destructive evaluation (NDE),
approaches to guided wave inspection have historically been
constrained to operate at low frequency-thicknesses where
only the first two fundamental modes exist and are practi-
cally non-dispersive. For metal plates, with thicknesses on
the order of a few millimeters, this typically limits operat-
ing frequencies to a few hundred kilohertz. In the simplest
implementation, a transmitter is given a narrow band excita-
tion with a center frequency low enough to ensure only the
fundamental modes are excited and non-dispersive. At these
frequencies, the group velocities (dω/dk) of the fundamen-
tal modes differ enough to allow separation of the two modes
in the time domain. Inspections are then completed using a
single mode, and received signals are interpreted in a manner
similar to that of bulk-waves. Such a method works well for
defects that are large in terms of wavelength, but to character-
ize smaller flaws, it is necessary to develop a method capable
of operating at bulk wave frequencies which, in most cases,
are on the order of a few megahertz [2].
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Fig. 1: Pitch-catch measurement configuration
The constraint to operate at low frequency-thickness
may be relaxed somewhat by using a narrow-band pulse and
a transducer designed for single-mode excitation. Exam-
ples of such transducers include, but are not limited to, elec-
tromagnetic acoustic transducers or (EMATs), angle beam,
and comb transducers, or laser arrays. Angle beam trans-
ducers are most preferable, as they offer better mode con-
trol and higher sensitivity [3]. A detailed analysis of angle
beam transducers can be found in [4] and [5]. While an-
gle beam transducers may be used to reliably select guided
wave modes, re-configuring the wedge to produce a differ-
ent mode is tedious, and it can be difficult to get consistent
coupling between tests. The authors of [3] were able elim-
inate this issue by using a phased array comb transducer to
control mode excitation. Results were positive, and success-
fully demonstrated the ability of a phased array to quickly,
and efficiently, control mode excitation and reception. How-
ever, users were still constrained to operate in non-dispersive
regions of the dispersion curves.
Wilcox et al. proposed a technique by which the ef-
fects of dispersion could be removed by means of back-
propagation [6]. Using a single transmitted mode, and a sin-
gle, but potentially different, received mode, Wilcox’s work
allowed guided wave inspections to be done in virtually any
area of the dispersion curves without regard to dispersive be-
havior. Wilcox’s approach first expresses the received time
traces in terms of the inverse temporal Fourier transform.
The inverse Fourier transform is evaluated at time t = 0, and
back-propagated using negative values of x to give the dis-
persion compensated signal as a function of x at time t = 0.
Building on the work of Wilcox, Roberts et al. pro-
posed a two step process for dispersion compensation that
would work regardless of operating frequency or number of
modes present [7]. Individual mode contributions were first
extracted by means of the two-dimensional Fourier transform
first discussed in [8]. After extraction, each mode was then
back-propagated, according to it’s unique dispersion curve.
In an example of pitch-catch implementation, a line source
transmitter, and line source receiver, are placed some dis-
tance apart on the top surface of an aluminum plate, and
each is coupled to the surface with shear-free couplant. The
receiver is mechanically scanned over a specified window,
and time-traces are obtained at fixed spatial intervals. Ap-
plying a two-dimensional Fourier transform to the data maps
received time-traces from the xt-plane to the kω-plane where
mode contributions are extracted after the method of [8].
Each mode contribution is then back-propagated according
to it’s dispersion curve to give the location of the source un-
ambiguously. While this method for multi-mode dispersion
compensation worked well in theory, there were issues with
implementation. Inconsistent coupling, caused by mechani-
cally scanning the receiver over the surface of the plate, in-
troduced noise and made it difficult to determine a precise
location of the source.
The work presented here improves upon the results of
[7] through the use of a phased array, and variational method
to extract mode contributions. Rather than obtaining mea-
surements mechanically over a spatial window as was done
in [7], a single configuration is used to obtain guided wave
measurements over a range of 64 angles, thus eliminating
the issues associated with inconsistent coupling. Applying
a Fourier transform to measured voltage signals maps data
from the θit-plane to the θiω-plane distributing data over
the dispersion curves. Individual mode contributions are ex-
tracted novelly by applying a least squares fit between the
measured data and an ideal voltage calculated from the mode
contributions, transducer model, and dispersion curves.
We begin with a brief review of the dispersion rela-
tion, followed by a discussion of the dispersion compensa-
tion algorithm and mode extraction procedure. We then ap-
ply the algorithm to synthetic and experimental data to lo-
cate a source 7 cm from an array transducer. While synthetic
results show the method to be theoretically sound, measure-
ments reveal the presence of an artifact whose precise origin
is still being investigated. This work concludes with an ex-
ploration of the artifact’s origin and plans for future work.
2 Theory
To simplify the discussion, we consider the two-
dimensional configuration shown in Fig. 1 where beam
spread is neglected. We also assume wave attenuation to be
negligible, as our present goal is to locate the source without
additional characterization. To further simplify analysis, a
slip boundary condition is assumed between each transducer
and the surface of the plate.
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As proposed in [7], our method of dispersion compensa-
tion is a two step process whereby contributions from propa-
gating modes are first isolated and then back-propagated us-
ing the corresponding dispersion curve. Mode contributions
to normal displacement are extracted using a Fourier trans-
form technique similar to [8]. Voltage data is thus mapped
from the θit-plane to the θiω-plane placing it approximately
on the dispersion curves. In a manner unique to the present
work, mode contributions are extracted by applying a least
squares fit between the measured data and an ideal voltage
calculated from the mode contributions, transducer model,
and dispersion curves.
Detailed theoretical discussion begins in the next section
with a review of the free plate problem followed by an expla-
nation of the dispersion compensation algorithm as modified
from [6], and the section ends with a detailed discussion of
the mode isolation procedure.
2.1 Dispersion Relation for the Free Plate
The dispersion relations for a free plate are found
throughout the literature. Here, the formulation given in [9]
is re-presented for reference. Note that for the proceeding
discussion, traction will be defined as it is in Eqn. 1, where
σi j is the stress tensor, and ni is the surface unit normal vec-
tor.
Tj = σi jni (1)
For an infinite, isotropic plate of thickness 2h with trac-
tion free surfaces, the freely propagating modes can be sepa-
rated into asymmetric and symmetric modes. The wave num-
bers for each mode are frequency dependent and determined
by solving for wave number k as a function of frequency ω













Phase constants α and β are defined in Eqs. (4) and (5) where
cp and cs are the phase velocities of the longitudinal and
shear waves respectively.
α
2 = k2− (ω/cp)2 (4)
β
2 = k2− (ω/cs)2 (5)
For reference, the normalized dispersion curves for an alu-
minum plate are shown in Fig. 2.

















Fig. 2: Dispersion curves for aluminum plate with asymmet-
ric modes (dashed) and symmetric modes (solid). Density
ρ0 = 2714 kg/m3, cp = 6398 m/s and cs = 3142 m/s. (a)
indicates the region traditionally utilized for guided wave in-
spections.
2.2 Dispersion Compensation Algorithm
As shown in Fig. 1, a normal traction is applied at x0,
and received xs meters away beneath the phased array. Dis-
placement u2(xs,ω), normal to the surface of the plate, may







Frequency dependent mode amplitude an(ω) includes
spectral effects of the source, coupling efficiency of the
source into mode n, and the reception sensitivity of the re-
ceiver to mode n. Modal wave number kn(ω) is computed
from the dispersion relations in Eqns. (2) and (3). Noting






where bn(ω) implicitly contains mode amplitude an(ω) and
the location of the source in the phase term eikn(ω)x0 . If mode
contribution bn(ω) is known, x0 can be determined by evalu-
ating the inverse temporal Fourier transform of Eqn. (7) over
a range of x values for t = 0. Oscillations in the integrand of
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Eqn. (8) diminish as x approaches x0 giving the location of












2.3 Mode Extraction - An Ideal Case
As discussed previously, locating the source requires
knowledge of bn(ω) which implicitly contains mode am-
plitude an(ω) and source location x0 within the phase term
eikn(ω)x0 . In this section, we discuss a purely theoretical
method by which bn(ω) can be extracted precisely for each
mode. This ideal case will be used as a basis for extract-
ing mode contributions approximately using the array trans-
ducer.
In [10], Auld elegantly expressed the relationship be-
tween the displacement beneath a transducer and the volt-
age applied/measured at the transducer terminals. Applying
those results to the geometry of Fig. 1, we obtain an expres-
sion for the measured voltage in terms of normal displace-
ment and stress as shown in Eqn. 9




where Γ(ω) represents the transduction efficiency of the ar-
ray and associated electronics, and u2(x,ω) represents the
normal displacement of the plate beneath the array. τ(x,ω,ki)
represents the normal traction applied to the plate when the
array is operated reciprocally as a transmitter. That is, even
though the array is being used as a receiver, the measured
voltage at the array terminals is a function of the displace-
ment beneath the array, and the traction generated by the
array if it were acting in transmit mode. Observe that this
applied traction is a function of x, ω and ki. It is plainly seen
that the applied traction would vary as a function of x and ω.
ki is the wave number of the excited mode or modes when
the array is operating in transmit mode; it is different from
kn, which is the wave number of the incident mode coming
from the source. ki may be thought of as representing the
angular dependence of the applied traction. The exact nature
of this dependence will be discussed the next section.
To obtain an expression for measured voltage in terms of
unknown mode contributions bn(ω), Eqn. (7) is substituted
into Eqn. (9). The result gives an integral evaluated over
the array’s contact surface W which may be interpreted as
the spatial Fourier transform of τ(x,ω,ki) evaluated at kn and
represented by τ̂(kn,ω,ki) as shown in Eqn. (10).









If the array were designed such that for frequency ω0, it
could generate an applied traction τ(x,ω,ki) in the form of a
uniform plane wave, at some angle, over the entire surface of
the plate, Eqn. (10) would become:









where the delta function, δ(ω0,ki− kn), is unity when wave
number kn of incoming mode n, matches wave number, ki,
originating from the incident angle of the uniform plane
wave. The delta function is zero for ki 6= kn. Notice that
plotting Eqn. (11) would essentially reproduce the disper-
sion curves, and the nth mode contribution at frequency ω0





In practice, it is not possible to generate this type of trac-
tion, but a beam of finite width having an approximately pla-
nar phase front may be created by applying appropriate time
delays to the array. As discussed in the next section, this ap-
proximation facilitates the application of variational methods
to extract the mode contributions for each frequency.
2.4 Array Implementation of Mode Extraction
Discussed here is the method by which the array is used
to extract mode contributions bn(ω). In general terms, phas-
ing is applied to each array channel in post-processing to cre-
ate 64 planar phase front beams of finite width. The incident
angle of each beam ranges from θ1 = 81.1◦ to θ64 = 8.9◦ thus
giving the transducer an angular sensitivity to the various in-
coming modes. Approximate mode contributions bn(ω) are
obtained by least squares fit between measured data and an
ideal voltage calculated from the unknown mode contribu-
tions, array model, and dispersion curves.
2.4.1 Modeling the Array
Custom manufactured by Imasonic®, the array pictured
in Fig. 1 is a 64-element, 2.25 MHz array with a radius R =
50 mm. Elements are 18 mm long, with an element pitch of 1
mm, and inter-element spacing 0.25 mm. Array elements are
centered at θ = 45◦ on a Rexolite® wedge with longitudinal
phase velocity cw = 2350 m/s.
To facilitate discussion, we note that for wedge ex-
citation of guided waves, the wave number k of the re-
ceived/transmitted mode is related to the reception/transmit
angle θ by Eqn. (13):
k = (ω/cw)sin(θ) (13)
where cw is the longitudinal wave speed within the wedge.
The measured voltage on the array may now be expressed as
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Fig. 3: Sliding aperture over elements to create 64 beams. Bold numbers represent the center element of each 19 element
aperture.
a function of ω and θi as shown in Eqn. (14). Again, notice
that if bn(ω) were known precisely, a plot of Eqn. (14) would
reproduce the dispersion curves mapped onto the θiω-plane
instead of the kiω-plane.









In the ideal, the voltage measured by the array, V (ω,θi),
is a function of the normal modal displacement and the
Fourier transform of the traction generated by the array if
it were operating in transmit mode τ̂(kn,ω,θi). Therefore, an
accurate expression for the received voltage depends on hav-
ing a sufficiently accurate model of the traction τ(x,ω,θi)






To approximate τ(x,ω,θi), each array element is mod-
eled as set of ten point sources, and mode conversion at the
boundary between each element and the Rexolite is ignored.
At each frequency, and for each of the ten sub-elements, the
contribution to the overall traction is added at each location
along the bottom surface of the array. The time delays and
apodization described in the next section are applied to the
tractions originating at each element individually.
2.4.2 Transducer Model Phasing
To approximate the plane wave traction described in
Section 2.3, the array is modeled such that, in transmit mode,
it would produce 64 beams scanned over angles ranging from
θ1 = 81.1◦ to θ64 = 8.9◦. Apertures for each beam consist
of 19 elements with time delays applied to each element to
remove the phase front curvature inherent in the array’s ge-
ometry. Tractions originating from each aperture element
are weighted, or apodized, using a Hann window to suppress
side lobes. The 64 beams are generated by sliding the center
of each 19-element aperture through each element succes-
sively, and apertures approaching the edges of the array are
truncated as shown in Fig. 3.
The effects of beamforming and apodization can be seen
in Figure 4. Figure 4(a) shows the phase variation along the
bottom surface of the array when a time harmonic traction of
2.25 MHz is applied to the element i = 32. Prior to beam-
forming and apodization, we see significant phase variation
in addition to a large side lobe at x = 4 to 5 cm. Figure 4(b)
shows the applied traction after creating an apodized beam,
19 elements wide, and centered on element 32. Notice im-
proved phase uniformity, and suppression of the side lobe.

































Fig. 4: Real components of the applied traction τ(x,ω,θi).
(a) Traction generated by a single element located at 45◦
and operating at 2.25 MHz. (b) Traction generated by an
apodized beam of 19 elements, centered at 45◦, and operat-
ing at 2.25 MHz.
2.4.3 Variational Extraction of Mode Contributions
At each frequency ω0, there exist N propagating modes
of wave number kn(ω0) as shown in Fig. 2. When these
incoming modes travel beneath the Rexolite, energy leaks
into the wedge and is most efficiently received as a plane
wave at some angle given by Eqn. (13). Each incoming
mode then, has a reception angle for which the transducer


















Journal of Nondestructive Evaluation, Diagnostics and Prognostics of Engineering Systems. Received October 31, 2020;
Accepted manuscript posted March 18, 2021. doi:10.1115/1.4050707























niversity user on 12 April 2021
Fig. 5: Pitch-catch configuration for application of dispersion compensation algorithm to synthetic data

























































Fig. 6: Synthetic results for a 2 mm thick aluminum plate.
(a) Modulus of Vsyn(ω,θi). (b) Source location via synthetic
A0 mode. (c) Source location via synthetic S0 mode
response is maximized. If these angles were known a priori
then, for each frequency, N mode contributions could be ex-
tracted with N measurements taken at the appropriate angles.
In theory, it is also possible to use a peak finding algorithm
to extract mode contributions, however, a simpler and more
robust approach is to view Eqn. (14) as an overdetermined
system and extract bn(ω) using variational methods.
Setting the transduction efficiency Γ(ω) to unity, and
omitting explicit dependence of τ̂ on wave number and fre-















where the complex conjugate is denoted with an asterisk, and
Vi is the measured voltage response obtained when incom-
ing signals have been phased for a 19 element aperture beam
centered on element i.
For each frequency, mode contributions bn are found by
minimizing the error function with respect to a particular
mode contribution bm. Adopting index notation and solv-
ing ∂E/∂bm for zero at each frequency gives the well known





Observe that a single matrix inversion at frequency, ω0, gives
the mode contributions for all n propagating modes existing
at frequency ω0. After mode contributions bn have been ex-
tracted, Eqn. (8) is used back-propagate the mode of interest
and locate the source.
3 Application to Synthetic Data
To test the algorithm, synthetic voltage data is gener-
ated from the two-dimensional, analytical, solution for an
applied displacement centered at x =−7 cm on top of an in-
finite aluminum plate 2 mm thick as shown in Fig. 5. The
source is 0.15 mm wide (2d = 0.15 mm), and the excitation
is assumed to be time harmonic. Following the formulation
presented in [11], expressions of the spectral displacements
are summations of M asymmetric mode contributions and N
symmetric mode contributions:
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where Fh(ω) represents the frequency spectrum of the
source; and fs(kn,h) and fa(km,h) are elsewhere in the lit-
erature referred to as the mode excitability functions [12]. A
synthetic voltage signal is obtained by substituting these ex-






Figure 6(a) shows the complex modulus of the array
voltage mapped onto the θiω-plane. As expected, most of
the energy is distributed along the dispersion curves, but it
does not reproduce the dispersion curves exactly. Rather it is
distributed around each dispersion curve. The reason for this
distribution is the finite length of the transducer footprint W .
When transformed into k-space, this finite length gives rise
to a sinc-like distribution around each dispersion curve for
the propagating modes at each frequency.
Using the synthetically generated voltage from Eqn.
(21), and the array model from Sec. 2.4.1, Eqn. (17) is
used to extract contributions from all modes present over
the bandwidth of the array. Equation (8) is used to perform
the dispersion compensation as shown in Figs. 6(b) and 6(c)
where the moduli of Eqn. (8) have been plotted for a range
of x-values. A compact peak, reflecting the compact nature
of the source, is clearly seen 7 cm from the array’s center
of radius. Results have been normalized to the peak value
of the source location signal obtained from the synthetically
generated A0 mode. These results are expected because the
same transducer model was used to generate the synthetic
voltage as was used to extract the mode contributions. This
test represents the idealized case of the transducer model ex-
actly matching physical reality.
Note that all mode contributions bn(ω) over the band-
width of the transducer are extracted in a single step. We
could use any mode contribution to locate the source, here
we have elected to look at source location using only the fun-
damental modes. These modes can be difficult to isolate, and
by showing the method’s effectiveness for these difficult to
isolate modes, we can effectively demonstrate the method’s
robustness.
4 Experimental Setup
To experimentally approximate the applied displace-
ment of the previous section, a half-inch, 2.25 MHz, piston
transducer from Panametrics®, was coupled to a wire 0.15
mm in diameter as shown in Fig. 7. The wire was located 5
cm from the edge of the phased array and 7 cm from its cen-
ter of radius. Both the phased array and source were coupled
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Fig. 8: Measured results for varying plate thickness. (a) Modulus of Vm(ω,θi) for 2h = 2 mm. (b) Source location via A0
mode for 2h = 2 mm. (c) Source location via S0 mode for 2h = 2 mm. (d) Modulus of Vm(ω,θi) for 2h = 0.6 mm. (e) Source
location via A0 mode for 2h = 0.6 mm. (f) Source location via S0 mode for 2h = 0.6 mm.
to the plate with shear-free couplant, and allowed to stabilize
over a period of 24 hours before measurements were taken.
The line source was driven using a UT340 pulser/receiver
from UTEX® and control of the array was done using a Mi-
cropulse 5PA pulser/receiver from PeakNDT®. Interface be-
tween the pulser and array receiver was accomplished us-
ing InspectionWare®. Measurements were taken by storing
time-trace data for each of the 64 channels separately, and
received time traces were averaged 256 times. Removing the
resulting DC offset, applying time delays, apodization, and
scanning the 19-element aperture, were completed in post-
processing.
5 Measured Results
Figure 8 shows a comparison of results after the algo-
rithm has been applied to measurements obtained from alu-
minum plates of different thicknesses. Figures 8(a-c) show
results from a 2 mm plate, and Figs. 8(d-f) show results
from a 0.6 mm plate. After beamforming and apodization,
time gating is applied to eliminate the input pulse and edge
reflections. A fast-Fourier transform is applied to the mea-
sured time traces for each beam, and the modulus is plotted
in the θiω-plane seen in Figures 8(a) and 8(d). In each case,
the overlaid dispersion curves show that energy is distributed
among the propagating modes, but observe that dispersion
curves have not been reproduced exactly. Again this sinc-
like distribution is the result of the finite length of the array
footprint W transformed into k-space.
Significantly, Figs. 8(b-c) and 8(e-f) show a maximum
at the location of the source approximately 7 cm from the ar-
ray’s center of radius. However, for the 2 mm plate, there ex-
ists a small artifact to the left and right of the source locations
obtained via A0 and S0 respectively. It is thought that these
artifacts arise from a combination of un-characterized mode
conversion beneath the surface of the array, and/or inaccurate
mode isolation of A0 and S0 in the region where they become
asymptotically close. The latter cause was investigated by
applying the source location algorithm to the 0.6 mm plate.
At this frequency-thickness, A0 and S0 modes are well sep-
arated, and issues with mode separation can presumably be
eliminated. Figure 8(d) confirms modes A0 and S0 are well
separated with most of the energy coupling into the S0 mode.
As shown in Figs 8(e-f), the artifact nearly disappears, thus
demonstrating its origin at the higher frequency-thicknesses
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where the A0 and S0 modes converge.
6 Conclusions
The work presented here represents a step toward multi-
mode dispersion compensation for more complete flaw char-
acterization. This work successfully demonstrates that a
phased array may be used at bulk wave frequencies to com-
pensate for multi-mode dispersion, and locate a source some
distance away provided that edge reflections may be elimi-
nated. Continuing work seeks to fully characterize the nature
and origin of the artifact in hopes of developing a calibration
procedure to suppress the artifacts. Future work will apply
the calibration procedure to improve upon the results pre-
sented in [13] extending this method to the pulse-echo case.
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